ON  8GME  COHCNICATIOW  NETVORK  PROBLEMS 


Robtrt  KalAba 

OlTlalon 
Th*  RAND  Corparmtlon 


P-1325 


22  April  1958 
Rrrlatd  3  Juaa  I959 


^rrr-'.cd  f  r 


/ 


COPY  /  _0F_ 

HARDCOPY  $. 

MICROFICHE  $.  r.yo 


DDC 

npij^ 


nr^  5 


ODCIKA  C 


The 


Reproduced  by 

The  rand  Corporof.on  •  Sonto  Mon.co  .  C  a  I  1  f  o  r  r.  ,  o 
views  expressed  in  this  paper  are  not  necessarily  those  of  the  Corporation 


Best 

Available 

Copy 


4 

CLEARINGHOUSE  FOR  FEDERAL  SCIENTIFIC  ANP  TECHNICAL  INFORMATION  CFSTI 

DOCUMENT  VANAGEMEN'.  BRANCH  4l0  II 


Li‘'ITATIC-VS  ’S  REPRODUCTION  QUALITY 

0  c.  o  o 


ACCESSION  V, 


I.  WE  REGRET  THAT  LEGIBILITY  OF  THIS  DOCUMENT  IS  IN  PART 
UNSATISFACTORY  REPRODUCTION  HAS  BEEN  MADE  FROM  BEST 
AVAILABLE  COPY 


Q  2.  A  PORTION  OF  THE  ORIGINAL  DOCUMENT  CONTAINS  FINE  DETAIL 
WHICH  MAY  MAKE  READING  OF  PHOTOCOPY  DIFFICULT 


n  3.  THE  ORIGINAL  DOCUMENT  CONTAINS  COLOR,  BUT  DISTRIBUTION 
COPIES  ARE  AVAILABLE  IN  BLACK-AND-WHITE  REPRODUCTION 
ONLY. 


n  4.  THE  INITIAL  DISTRIBUTION  COPIES  CONTAIN  COLOR  WHICH  WILL 
BE  SHOWN  IN  BLACK-AND-WHITE  WHEN  IT  IS  NECESSARY  TO 
REPRIN  i 


n  5.  limited  SUPPLY  ON  HAND  WHEN  EXHAUSTED.  DOCUMENT  WILL 
^  BE  AVAILABLE  IN  MICROFICHE  ONLY. 


□  ' 

□  ’ 
□  « 
□  s 

NBS  9  64 


LIMITED  SUPPLY  ON  HAND:  WHEN  EXHAUSTED  DOCUMENT  WILL 
NOT  BE  AVAILABLE 

DOCUMENT  IS  AVAILABLE  IN  MICROFICHE  ONLY. 

DOCUMENT  AVAILABLE  ON  LOAN  FROM  CFSTI  (  TT  DOCUMENTS  ONLY). 


PROCESSOR. 


P-1325 

6-3-59 

i 


Tht  fSMZul  fl«ld  of  •OMunioatlon  provldot  a  rloh  souroa  of 
ooMblnatorlal  problMM,  a  nxaibar  af  vhleh  arlM  In  eonnaotlon  irlth 
tha  daalfD  aiid  utillaatlon  of  ifmit  eatlon  natvorka.  Savaral 
alaaaaa  of  artraaal  problana  ara  dlaeuaaad  Inoludlnc  tha  laaalng 
of  KlnlBal  ooat  apaimiof  natvorka,  tha  findinf  of  optlaal  patha 
throosh  natvorka,  and  tba  optical  nmtinf  of  saaaagaa  In  natvorka, 
alonf  vlth  varloua  gaaaralliationa . 

HM  Bathoda  aBjil  njail  iovelva  ourlotia  adalxturaa  of  tha  fonotional 
aquation  approaah  of  djmaKlo  profr«Mlnf,  llnaar  progi'— d.Df ,  and 
Tarloaa  hoc  prooaduraa.  Intaraat  oantara  on  obtaiid^ng  Bathoda 
vhiah  ara  althar  officiant  froB  tha  point  of  vlair  of  Baohlne 
ooa^putation  or  ahlah  oMphiialta  the  underlying  atruotura  of  tha 


aolutlona . 


I .  IHTRODXTIOK 
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Qmi  fcxMral  fl«ld  of  eoBBunioation  provldoi  a  rich  aouroa  of 
problaaa  in  appliad  ■nthMatlaa.  Thaaa  aaibraoa  fundaaantal  con- 
aldaratlona  of  tha  niBunl cation  prooaaa  itaalf ,  [  5o]  ,  a  vlda 
apaotnai  of  aeiantifie  and  taohnologioal  problaaa,  and  atiU  othara 
involrinc  the  deaign  and  utilisation  of  larga-aoala  notvorka.  Tha 
mthar  aodaat  objaotiva  of  thia  paper  ia  to  draw  attention  to  aeveral 
olaaaea  of  eoanmioation  natvork  problena,  of  aoaa  ij^portance  in  tha 
applioationa,  vhioh  lead  to  ooabinatorial  problaaa  of  varying  degraea 
of  o<BQ>lazity.  Generally  apeaking,  theae  problaaa  are  oonoemed  vith 
tha  optiaal  deaign  and  utilisation  of  eoanoiioation  natrorka  in  vhieh 
the  ocaplex  interaotiona  aaong  ueera*  dnaanfla  for  aerviee,  ayatea 
oapaoltleai  and  eeonoado  faotora  auat  be  resolved.  Plooeerlng  efforts 
along  theae  llnaa  are  aaaociated  vith  the  naaea  of  A.  K.  Srlang,  ^  t]  ; 
T.  C.  Pry,  [is]  ,  K.  C.  Itolina,  [27  ]  ,  R.  I.  Wilkineon,  [  35 )  , 
and  J.  Rlordaa,  aaong  othara. 

Prohleaa  of  the  type  aantionad  have  been  aaaiadng  inoreaaing 
i^portanoe  in  reeent  yeara  dva  to  tha  rapid  expanaion  of  ooMuniaatlon 
ayateaa,  involving  large  capital  inveataeanta .  Vide-aveeping  teeh> 
nologieal  laproveaenta  in  both  avitohing  and  tranaaiaaion  faeilitiaa 
vlll  raatly  alter  the  nature  of  tha  netvorka.  Lastly,  the  advent  of 
tha  high-speed  large  aeaory  digital  computing  aaohlne  baa  foreed  a  re- 
evaluation  of  tha  vary  aaxhoda  of  analysis  and  design  vhieh  are  in 
currant  use.  ’niourh  tha  aodala  vhioh  ve  shall  discuss  are  highly 
slSQtlifled,  their  analysis  auy  point  the  vay  toward  tha  treataant  of 


aora  raflned  and  realistic  ones. 
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1h«  prohiMM  to  b«  dlteuMod  lo&d,  froa  tho  Mithoaatloal  point  of 
rlov,  to  tho  dotomlBatlen  of  ottroao  froi  ■■on#  finltoly  Mmy  oholeoo, 
•o  that  BO  qutotlooo  eonoorninf  oxlotoneo  of  oolutiono  arloo.  Intoraot 
(Mstoro  rothor  oq  obt&lninf  olgorlthM  vhloh  lead  to  offielont  ooapu- 
tatloaal  s^omo  for  obtainiaf;  odtitlono,  and  vhloh  shod  light  on  tho 
rtnioturo  of  tho  oolvtioao.  Finding  oolutiono  in  thooo  probloBi  through 
tho  Boro  ooHHratlon  of  oaooo,  ao  roaaziMd  by  Sulor  in  hit  faaouo  papor 
OB  tho  Kbaigohorg  brldgo  probloa,  io  at  boot  ooorouo  and  unoatiofylng 
and  in  aany  oltuationa  l^poaolblo  (ovon  vlth  tho  aid  of  a  high-opood 
oc^^iag  ■oohlBo ) ,  ao  vill  boooBB  ovidont . 

Tho  firot  typo  of  probloa  vhloh  vo  ahall  oonoldor  io  that  of 
dotoxvlxiiag  ajaiml  ooat  oonnooting  notvorka.  OItob  a  notvork,  oaeh 
link  of  vhloh  haa  a  coot  aoaignod  to  it,  find  a  oonnoctod  notvork  vhleh 
iBOludoo  all  the  rtationo  and  haa  loaot  total  cost.  Solutiona  havo 
boon  propoaod  by  Kiniakal,  [24  ]  ,  Prln,  [29]  ,  and  Kalaba  in  tha  foraa 
of  algorithao  vhleh  land  thoBMolvea  voU  to  hand  and  aaohlno  oca^utation 
and  vhi^  pxvride  aueh  inaii^t  into  tho  nature  of  tho  aoluticm.  Thla 
probloai  tan  bo  gonoraliaod  along  varioua  linoa. 

Tho  aetond  typo  of  probloB  la  that  of  dotorodning  an  optlaal  chain 
oonnooting  tvo  pointa  in  a  notvoztL.  Forhapa  tho  alaploat  voroion  of 
thia  typo  io  to  find  a  ahortoat  chain  connoeting  tvo  tominala  in  a 
given  notvork,  oaoh  link  of  vhleh  haa  a  proaerlbod  tlao  of  tranalt. 
Solutiona  havo  boon  provldod  by  BoUnan,  [2  j  ,  through  the  uao  of 

r  *1 

fVBOtioaal  oquatiooa,  Daxrtalg,  j^ioj  ,  uoing  a  linear  prograaBclng 
approaoh,  and  Ford,  [^^  ]  •  problaoi  Bay  bo  Modified  by  requiring 

that  tho  chain  paaa  through  oovoral  apooifiod  intorBodlato  pointa,  and 
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it  •tin  reaalM  aaenable  to  treata«at.  furthcraore,  Bellaan  Mii  Kalaba 

th 

have  proposed  a  aethod  for  fiadiag  the  n  shortest  chain  leading  froa 
one  point  to  another  in  a  network,  ^ 

w. 

The  arihodJ  to  bo  dlooutood  aoko  poMiblo  the  solution  of  oortaln 
optiJial  chain  problwo  involvlnc  probahilitlc  eons  Ido  rat  ions.  In 
particular,  the  problss  of  doterainlnc  a  path  throufh  a  notvork  which 
Baxlalioo  the  probability  that  the  tiir;  of  transit  botvaen  two  given 
points  be  no  greater  than  a  prescribed  tiae  t  Is  solved,  using 
functional  equations,  under  the  ass\s^ptlon  that  the  tiaes  of  traverse 
of  the  various  branches  are  independent  randoa  variables  with  known 
probability  densities.  In  addition  soae  applications  to  the  theory 
of  blocking  in  networks  are  provided,  [2^  ]  • 

The  last  type  of  problai  discussed  involves  the  optlaal  routing 
of  aessages  in  networks,  |  .  Under  certain  conditions  one  aey 
foraulate  this  as  a  linear  prograaElng  problea  for  eh  Dantiig's 
slaplex  aethod  is  available  for  nxoerleal  eolxztlon,  provided  the 
netwoziL  is  not  too  large.  A  aethod  of  solution  based  on  an  idea  of 
Ford  and  Fulkerson,  |^l6j  ,  aakes  possible  the  nvswxlcal  solution  of 
problMM  involving  about  1^  links.  Finally,  soas  related  probleae 
involving  interoffloe  trunking  and  the  aui^ntation  of  networks  to 
aeet  increased  demands  for  sez-vlee  are  disoussed,  21  j  . 

Aeknowle1g—nt .  During  the  preparation  of  this  paper  the  author 
has  had  the  benefit  of  aany  disouesiens  with  R.  Bellaan,  0.  Dantslg, 

D.  R.  Fulkerson,  and  M.  L.  Juncosa  and  espressos  his  sinoere  thsnks 
for  their  friendly  interest  and  suggsstiona. 
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II.  MiriMAL  CQgrr  coaummifa  ronvoRKS 

1.  ypTiitlJitlon, 

A  bz'0«dea«tiii^  ccmfeoj  vltbM  to  lo&oe  vlAto  links  so 

that  Its  stations  in  rarlous  oltlas  Mgr  ba  fonssd  Into  a  soansotad  nat- 
vork.  AastMiitc  that  ths  oasts  for  tha  Individual  links,  all  diffsrsnt, 
ara  known,  wa  wish  to  show  hov  to  oanstrrMTt  tba  natvork  at  ainlMQ 
aest,  [l  ]  •  (CaBtiJntit7  oonsidaratisos  enabla  ons  to  rasove  tha 
rastrletioM  that  tha  aaats  ba  diffarast,  but,  as  will  baaoae  evldant, 
imiqtasaass  of  tha  solution  any  ba  lost.) 

V&rloua  solixtians  for  this  problaa  will  now  ba  dlsoussad  and  soae 
artansions  vlU  ba  indlaatad. 

2.  aolution  ^ 

Kruakal,  [sUj  ,  has  propoaad  tha  follovln^  solution,  tha  slsqplioity 
of  vhieh  is  quits  rsaarkabla.  Parfoni  tha  foUowlnf  stop  as  oftan  as 
possibla:  Aaoof  the  links  not  yat  Inoludad  in  tha  oonnaeting  natvork, 
ohooaa  tha  lovast  prioad  link  vtt.  oh  does  not  fom  any  loops  vlth  tha 
links  alraad^  Aosaa.  Tha  proof,  vhlsh  follows,  is  by  eontradlotion. 

If  thsra  ara  N  stations  in  tba  natvork,  it  is  avldsnt  that  a 
MiniJBal  cost  aonnaotinc  natvoik,  danotad  by  K,  contains  no  loops  and 
consists  of  axastly  N-1  links.  Lat  tha  links  chosen  according  to  tha 
abars  algortithas  ba  danotad  by  a.,  a>,  a^  slnoa  tha  costs  are 

all  diffarant  fran  aaoh  other,  this  saquanoa  is  uniquely  datamlnad. 

This  sat  of  links  is  denoted  by 

If  e^  ba  tha  link  of  Icwast  index  of  which  is  not 

in  K.  If  a^  is  added  to  tha  sat  K,  a  loop  is  fomad  of  which  a^  is  one 
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link.  This  loop  also  contains  a  link,  t,  vhleh  Is  not  In  ^  but 
vhloh  Is  In  K.  Purthamorc,  the  link  f  doss  not  olsss  a  loop  vhsn 
added  to  tbs  sst  s^,  #2  s^  for  all  thsss  links,  inoludlnc  f, 

11s  In  tbs  sst  K,  vhleh  oontains  no  loops.  But  according  to  ths 
alforltla  s^  Is  ths  losrsst  priced  such  link;  consequently 

(1)  price  (f)>  pries  (s^). 

nils.  li^;>llss  that  ths  nrtvork  consisting  of  ths  union  of  K  and 
s^  frcB  vhleh  f  has  been  dslstsd,  vhloh  also  contains  N-1  links  and 
doss  not  contain  any  loops,  Is  available  at  lover  cost  than  K, 
coatrary  to  assvaptlon.  Hsnes  tbs  Kruskal  tree  ^  ■  K  Is  ths 
unique  niniaal  cost  connecting  xMtvork. 

Soimiocs  II  and  III. 

In  ths  SCBS  paper  referred  to  above,  Kruskal  also  proposes  tvo 
addltlsnal  oonstructloos .  Let  S  be  an  arbitrary,  but  fixed  and  non¬ 
empty  s\d>set  of  all  the  R  stations  to  be  Joined  Into  a  eocneoted 
Dstvork.  Perfera  ths  following  step  as  often  as  possible:  Aaong 
ths  links  not  yet  chosen,  but  vhloh  are  eoDneeted  either  to  a  station 
In  S  or  to  a  link  already  ohesea,  ehooss  tbs  link  of  Icwest  price 
vhleh  doss  not  fora  any  loops  vlth  the  links  already  chosen.  This 
reduoos  to  the  eanstructloo  of  Section  2  if  S  consists  of  all  the 
stations  In  the  nstvork. 

The  other  consists  In  dstemlning  the  links  not  In  K  by  choosing 
as  aany  tlaes  as  possible,  froa  ssnng  ths  links  not  yet  chosen,  ths 
aost  expensive  link  vhleh  doss  not  dlseonDeot  ths  nstvork.  Ths  set 
of  links  not  eventually  chosen  foras  the  alnlaal  cost  connsatlng 
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Mtvork  K.  Thlt  wqr  b«  •rtablithtd  by  shoviag  that  it  if  alvayi  poMlbl* 
to  rMKiTi  &  liak  froi  oouxslAtratiasi  for  ataiberBhlp  In  K  if  tbt  link  Is 
th«  aort  oostly  link  vhoM  rcaoral  froa  tht  nrtvork  do«t  not  dlsoomwet 
It.  Lot  A  be  the  eet  of  links  vhloh  can  be  reaoved  vlthoxrt  dle- 
eooneotlni;  the  netvorki  and  let  e  be  the  one  of  greatest  coet.  Sxippoee 
e  to  be  in  K.  Ibe  reaoral  of  the  link  e  froa  the  set  K  disconnects 
this  netvoxic,  vhloh  ean,  hovever,  be  reeonneeted  by  the  a4iltion  of 
a  link  f  vhloh  is  ocatained  in  the  set  A  and  Is  different  froa  e;  for 
If  this  vere  not  the  case,  e  could  nert  be  an  element  of  the  set  A. 
CoaeeqiMQllj,  the  union  of  K  and  f,  froa  vhloh  e  is  deleted,  vould  be 
arallable  at  lever  coet  than  K,  vhloh  results  in  a  coot radlct ion. 

k.  Solution  IV. 

Still  another  algorltha  is  available  in  vhloh  ve  proceed  froa  one 
eoanseting  netvork  containing  oo  loops  to  another  of  lesser  cost  until 
the  optimal  netvork  K  Is  attained.  Select  any  oooneotlng  netvork  vlth 
precisely  H-1  links.  Add  another  link  to  this  netvork  so  that  a  loop 
Is  forsad  and  eliminate  from  the  loop  the  aoet  costly  link.  Repeat 
until  mo  further  changes  In  the  oomneoting  netvork  are  possible.  The 
resulting  netvork  T  is  the  optimal  netvork  K.  For  suppose  T/fK  end 
that  a^  is  the  link  of  smell  set  index  In  the  iCruakal  ooostruetion  of 
SeetioB  2  vhloh  is  met  in  T.  Add  e^  t#  T  te  foea  a  loop.  This  loop 
ssmtstme  at  least  ems  limk  vhisli  is  im  T  but  is  not  in  K.  Pirtharaore 
addlBf  e^  to  the  set  of  Kniekal  links  e^,  . . . ,  e__^  cannot  eosQ>lete 

a  loop  aiaaa  all  these  Unka,  laeluding  e^,  11a  in  ths  netvork  T,  vhloh 
is  free  ef  loops.  Therefore 
(2)  prise  (ej^)<  prise  (e^), 
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••  tkat  th«  &l4|porlt]a  e&ll«  for  adding  to  T  and  eliminating  a^  from 
T,  la  aamtraiy  to  tka  aaaMVtlan,  vnior  tha  rulaa  of  tha  algorithm, 

that  no  fvrtkmr  akangaa  im  T  ara  yaaalbla. 

5.  Bolutiop 

Though  tha  algorlthaa  mentlonad  above  rather  olearly  ahom  tha 
■truotiure  of  tha  mlninlKing  natvork,  they  ara  not  tha  boat  Inaofar  aa 
rapid  eoivutatlen  of  tha  aolutlon  ia  eonoamad.  In  thla  regard,  a 
auggeatiOB  of  Prim,  [  29j  ,  involving  a  aombinatlon  of  algorlthma  I  and 
II,  ia  probably  beat,  for  it  avoida  eonaldarationa  of  loopa  and 
eoonaetadnaaa,  and  makaa  rather  modaat  mam  pry  raqulramanta  on  a 
eampoting  machine. 

It  la  a  al^pla  matter  to  datarmina  tha  moat  ooatly  aonnaeting 
natvork  ualmg  aimllar  prooaduraa.  Prim  haa  alao  called  attention  to 
tha  fact  that  tha  minimlaing  oonnaotlng  natvork  K  alao  mlnlmlaaa  all 
inoraaaing  aymmatrle  funetiona  and  maxlmlsas  all  daoraaalng  ayaMtrlo 
funetlana  of  tha  link  eoata,  among  all  ooonaeting  netvorka  vlth  no 
loopa. 
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III.  OPTIMAL  PATHS  THROUGH  NKTVOFKS 


In  ihlt  tartlon  we  shAlI  dltonee  a  variety  of  probloaa  Involving 
the  drtarainatlon  of  optlaal  patha  throit(h  natvorka.  The  f:.rat  of 
thaaa,  aM  parhapa  tha  alJ^plaat,  vhloh  will  ba  atta.eka4  in  aavarail 
wagra,  inrolvaa  tha  datazadLnation  af  a  path  of  BiniBal  tlaa  of  tranait 
.batwaan  two  pointa  erf  a  xkatwaxk.  It  la  aaa\BMd  that  tha  tiaa  of 
tranait  of  aaeh  link  ia  known.  It  ia  than  ahovn  how  tha  x>^  ahortaat 
path  (or  patha)  oaa  ba  datarainad.  Tha  fbraar  problan  ia  oloaaXy 
ralatad  to  findini  a  path  batvaam  two  pointa  in  a  network  vhlah  haa 
■1n1»«  probability  of  bainf  bloakad,  sivan  tha  probabilitlaa  that  tha 
individual  Unka  ora  blodtad,  and  tha  faot  of  tha  indapandenca  of  tha 
individual  linka  bainf  bloekad.  Laatly  an  intaraatinf  aztanaion  la 
Indi.aatad  whleh  oooalata  in  dataminin^  a  path  batwaan  two  pointa  in 
a  network  vtdeh  naxladaaa  tha  probability  of  bainc  travaraad  in  a  tlna  t 
or  laaa,  bainf  givan  tha  pirobablllty  danaitlaa  for  tha  tina  of  tranait 
of  tha  individual  linka  and  the  infomation  that  tha  tljwa  of  tranait 
ara  indapandant. 

It  ia  tlaar  that  problaaa  of  the  typaa  Juat  nantionad  ara  of 
laq;>ortanoa  in  tha  btudjr  of  natworka  vhara  tha  poaalbllity  of  altamata 
routine  axlata.  Ihla  will  baaowa  avan  aora  apparant  in  Part  IV  in 
vhleh  it  la  ahewn  that  thaaa  piroblana  ara  intinataly  oonnaatad  with 
tha  eanaral  problan  of  optlnal  routing  of  aaaaagaa  in  natwoxka. 

6.  Pomalatian  and  Solution. 

Olvan  a  natwork  aonaiating  of  N  atatiooa  and  intaroonnaoting 
linka,  whara  tha  tina  ta  travaraa  link  (l,J)  ia  j  -  0,  « 


0,  find 
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a  shortafft  path  from  polirt  1  to  point  R.  Roto  that  t^^  nood  not  oqual 
t^^  and  that  t^^  nood  not  bo  proportional  to  tho  diotanoo  botvoou  points 
i  and  J.  Our  first  approaoh  is  basod  upon  that  glvon  by  BollJMn,  ^  j  > 
In  vhioh  tho  oirifinal  problsn  is  lid>oddsd  vlthin  tho  class  of  problons 
of  dotoxmijilDC  tho  shortost  paths  frosi  any  point  i  in  tho  notvork  to 
tho  point  H. 

The  xuroblcB  is  a  coablnatorial  one  in  which  we  seek  the  ninlna  of 
tines  of  transit  of  a  finite  mmbcr  of  paths.  For  N  of  the  order  of 
twenty,  the  enuneratire  approach  becooes  quite  onerous,  so  that  ve  oust 
detemino  nore  efficient  nsthods  of  obtainix^  the  extrena. 

Donoto  tiio  tiJM  of  transit  frosi  i  to  R  via  an  optiaal  path  by  u^. 
a^ployinc  tho  principal  of  optiaallty,  1  j  ,  vo  ara  lod  to  tha  systaa 
of  nonlinoar  aquations 


Min  f 


,  1  -  1,  2,  N-l, 


(1) 


0. 


To  rosolvo  this  systan,  foUowlnc  Bollnan.vo  rrysort  to  tha  asthod 
of  sucooBsiva  approoclaatlons .  As  an  initial  appraxinstion  v«  sot 


,(o) 


which  corrosponds  physically  to  t:'avorsinc  ths  dlroot  links  froa  points 
i  to  point  N.  Tho  hlgnor  approKinstlona  art  than  obtainod  through  usa 
of  tha  fomulas 


u 

u 


(k+1)  Min  f 

1  ’  ( 


+  u 


,  1  -  1,  2. 


N-l, 


(5) 
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far  k  ■  0,  1,  2,  .. .  .  It  Is  readily  ee«n  that  Is  ths  olnlml 
tlJM  of  trsBslt  froM  point  1  to  point  N  via  k  intonniiato  points. 

Sinot  ths  ssqusnss  ^  0  Is  nonotODS  non-lnersasini^  In  k,  ths 
ssqusnss  sonrsrfts  to  a  solution  of  aquation  (l)  In  no  oors  than  N-2 
ItorstloDS  bsyond  ths  Initial  am.  PurthsrBorS;  as  Bsllnan  has  shown, 
ths  solutioo  la  unique,  though  an  optlj&al  path  need  not  be. 

This  furnishes  •  feasible  oethod  for  ■aohlns  ealeulatlon  vlth  N 
of  ths  order  of  several  hundred.  Since  only  additions  and  ooapar Isons 
are  reqxiired,  the  computation  prooweds  rapidly.  Moreover,  the  mamory 
requizaottxxt  for  the  eeavutatlon  of  Is  oodest,  since  for  each 

th  /  X 

value  of  i  only  the  i —  rov  of  the  natrlx  (t  )  Is  required  In  addition 

sn 

(k ) 

to  the  prerleusly  oes^puted  values  u'  ' . 

J 

It  is  alee  poosihle  to  obtain  a  aonotooe  increasing  sequence  of 
approodiMtions .  Lot 


(0)  Kin  ,  1  ,  N  1 

^  *  J,<1  hj’  ^  N-1, 


bo  the  Initial  upproadjoatloo,  and  let  the  additional  approKlnatlons  be 
detemined  by  the  relatiens  In  equation  (3).  We  can  see  Inductively 
that  the  eequenoe  Is  BOBotona  non-dsoreasinf  and  fuztherBore  that 

(5)  “l  -'*1>  ^  2-  •••>  1.  2 . 


where  u^  Is  the  solutioo  of  equation  (1).  For  k  ■  0  the  Inequality  (^) 
le  valid.  Ilence  if  ve  aasuoa  It  holds  for  k  «  n,  we  obtain 
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(6) 


(»fi) 


Nln 


MLn 

- 


) 


vtiloh  ooaplrUa  the  li^uetlon  and  ertahlithea  the  aonotone  eonvergenee 
of  the  eequenoe  defined  by  equatlone  (5)  and  (4). 

Observe  that  if  a  shortest  path  eonjMoting  1  to  N  throiigh  one 
interaediate  point,  ■,  in  required,  the  solution  is  given  by  the  sub 
of  the  shoxtert  chains  eonneoting  1  to  h  and  b  to  N.  Shovild  tvo  inter- 
Bedlate  points,  b  and  n,  be  speoifled,  the  solution  is  the  shorter  of 
the  chains  (l,B,n,N)  and  (l,n,B,N)  vhere  each  pair  of  nodes,  (1,B;, 
(B,n),  (n,N),  etc.  is  Joined  by  a  shortest  chain.  If  the  number  of 
interaediate  points  is  saall,  then  a  shortest  path  can  be  deterained 
through  cn\aaratlon  of  cases,  the  oaapxrtatlon  of  a  shortest  path 
between  tvo  specified  points  being  effected  as  above . 


7.  Solution  II. 


Another  technique  for  solving  the  probleB  posed  at  the  beginning 
of  seotlen  6  is  coDtained  in  an  algoritha  described  by  Ford,  |^14  ,  azid 

others.  It  is,  of  course,  siJQ)ly  another  vay  of  solving  equations  (6.1) 
and  runs  as  foHovs.  Assign  the  value  0  -  to  the  node  N  and  u^  - 

to  the  nodes  i  /  N.  Hunt  through  the  network  until  a  psdr  of  points 
1  and  J  with  the  property  that 


CO 


(1) 


U 


1^  'ij 


u, 


is  found,  should  there  be  any  such.  Then  replaoe  at  the  node  i 
with  the  saaller  value  *  \Xy  Repeat  thie  etep  until  no  pain 
fulfilling  the  inequality  (l)  reBaln.  The  n\iiben  then  assigned 
to  the  Dodee  i  represent  the  BiniBal  tlBee  of  transit  froB  these  nodes 
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to  the  nodi  N.  Thie  vlll  nov  be  proved. 

Let  1,  1^,  1^,  N  be  an  optiael  ohaln  frca  1  to  N.  We  have 


(2) 


\  ■  “i/-  ^1,  ' 


vlth  slJdJar  inequelltlei  holding  for  every  link  in  the  ohain.  Through 
addition  of  ell  theee  inequelltlee  ve  find  that 

(3)  1  BlniBal  tine  of  traneit  fron  i  to  N. 

On  the  ortber  hand,  for  every  node  there  ie  a  link  froe  ■  to  a 
node  n  for  vhleh 

C*)  ^  *  “b- 

All  nodaa  exoept  N  vera  Initially  aaalgned  the  valuea  oo,  and  theee 
values  have  been  nonotone  deoreaaing  (or  else  have  not  changed  at  all). 
At  the  last  deoj^aae  in  there  la  an  n  vhloh  atiU  has  the  aana 
value.  We  can  traoe  a  ohain  fron  1  to  N  coaQ>oeed  of  links  for  vhleh 
equalities  such  as  that  in  equation  (U)  hold.  The  values  at  the  nodes 
are  dsez^asing.  Sventually  the  point  N  nuirt  be  attained.  Along  thie 
chain 

I 

<5)  “j  -  \  ■  »JX- 

A  suBMition  yields  that 

(6)  -  tine  of  treneit  of  this  ohain. 


Conaequently  this  Is  a  shortest  chain. 
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Ab  •lacaxrt  YBrslon  of  this  algorltfaB  hMM  b««n  tugcBst^d  'bj  Dantslg. 

It  «»abl«i  om  to  tetorBiaa  tb«  tlmt  of  timnslt  frca  1  to  N 

and  tba  paths  to  b«  travarsad  thxxmi^  us«  of  a  eonstruotlva  prooadurt 

raBlnlsoaat  of  Krxishal'i  algorltha.  First  dstaralns  a  closest  point 

to  N,  say  and  record  the  tljaa  of  transit  frost  to  K.  Than 

dsteralDs  a  closest  point  to  P^,  sey  and  also  a  point  vhlch  Is  second 

closest,  via  a  direct  path,  freu  N,  say  P.  Deteralne  the  saedler  of 

t_„  ax>d  t-_  ♦  u_  .  This  yields  P«,  the  second  closest  point  to  N, 

RN  d 

and  an  optlBsl  path  froa  P^  to  N.  A  conperlsan  aaong  the  tlass  to 
travel  to  H  frost  the  closest  unchosen  point  to  H,  via  a  direct  path, 
and  the  closest  points  to  P^  and  contlniilcf  froa  P^  or  P^  along 
the  paths  already  selected,  yields  P^,  and  so  on. 

If  there  are  N  stations  In  the  netirork,  this  pr-ooedure  vlll  result 
In  solution  after  at  noct  1  f  2  +  (3-1)  •  N  costperlsons.  Ihis 
assvjBcs  that  for  each  node  in  the  netvork  the  rrraalnl  ng  ones  ha\’« 
been  arranged  In  order  according  to  the  tlaes  of  tronnlt  fron  the 
given  node  to  each  of  the  ethers . 
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gbort»irt  Ckaina. 

It  hM  BOt«d  by  Bt1  It  that  tht  thortcrt  path!  eaa  alio 
ba  anTVBlaQtXy  drtarKLoad  throuch  uaa  of  functional  aquatlonc.  The 
l^pcrtaMC  «f  tkla  rtaidM  Im  tha  fact  that  this  asablaa  ua  to  aaa  how 
camcltira  to  chance  tha  tlsaa  of  tranait  arc  for  patha  Im  nalchboilMOds 
of  optlaal  patha.  This  haa  lapllcationa  for  the  general  theory  of  ■ulti- 
atafa  daoiaioa  procaaaaa  uklch  vlll  ba  dlacuaaad  alaevhera,  [5]  • 

Ui  daflaa  1  ■  li  2,  N,  aa  In  tha  prarloua  aaetlon  and 

Introduoa  tha  quantltlaa 


(1)  ■  tljw  of  tranait  of  a  aaeond  ahortaat  path  froa  1  to  K, 

for  1  >  1,  2,  . N-1. 


Nazt  va  obaarra  that  If  tha  flrat  link  In  a  aaoond  ahortaat  route  la 
tha  link  (i,J)  than  tha  oantlnuatlon  froa  3  to  R  Bust  ba  along  althar 


a  path  vhlah  BijaLUdMa  tha  tlaa  of  tranait  froa  J  to  N  or  vhloh  la  a 
aaaood  ahortaat  path  frcB  J  to  K,  no  othara  being  poaalbla.  Thaaa 


land  to  total  duratlCBa  of  tha  routaa  froa  1  to  N  of  t^^  -f  and 

t^j  raafoatlialy.  lanaa  la  equal  to  tha  asallar  of  the 

following  tvo  valuait  the  aaaoBd  aaBJLlart  value  of  t^^  4  Uy 

and  tha  oBallaat  ralua  of  t^^  4  3/I  If  Hln^  rafara  to  tha 

th 

operation  of  taking  tha  k —  ai)  loot  value  of  a  given  aat,  with 
Nln^  -  Nln,  tha  raaultlng  aquatlona  are 


(2) 


-  Kin 


mn^  Mln^ 

j/i  'hj  *  "J*’  j/i  *  “j’ 


for  1«1|  2,  •••}  W-1. 
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nM  gamroiliMtlon  to  th«  oaloulotloc  of  th«  d —  •hortost  poth« 

If  fTldABt,  thoui(h  vfjrlouf  quortlocf  aonoomlnc  tho  nwarlMl  folvrtlon 
of  th«  equation!  arlM. 

9.  Solutloof  ^  Aaalogua  Cofgmtatlan . 

The  proble*  of  drtormlnlng  the  fhortoft  path  batwaan  tvo  polnti 
In  a  netvork  maj  olfo  bo  solved  by  constructing  a  string  nodsl;  [  3^^  »  lu 
which  Inartanslbls  strings  of  lengths  proportional  to  the  tines  of 
ti*anslt  arc  eonxvected  between  all  pairs  of  nodes  in  a  network.  A 
path  of  aininal  tins  of  transit  between  two  nodes  la  then  detemlned 
by  separating  the  selected  pair  of  nodes  to  the  greatest  extent 
possible.  The  links  in  chains  which  are  stretched  taut  fom  optlnal 
paths ;  and  the  dlstanoe  of  eejMuratlon  of  the  points  nsaeurcs  the 
tine  of  trrinsit  over  an  optlnal  path. 

Klectrloal  analogues  can  also  be  snployed.  Each  branch  of  the 
network  is  replaoed  by  gae  tubes  whose  breakdown  voltage  Is  proper wlonal 
to  the  tines  of  t/:nnsit,  and  tbs  tendnals  of  a  current  eouroe  are 
ooKUMoted  to  points  under  oosiel  derail  on.  nie  paths  over  which 
owrreat  fUns  arc  optlaal. 

8ce  alao  [26]  for  a  dlsouasloo  of  related  natters,  inoluAii^  use 
of  eoap-filn  nodels. 

Stochastic  Problens  . 

Vs  new  turn  our  attention  to  sobs  exteneiona  in  which  various 
probabilistic  elensnts  are  Introduced.  Consider  a  switching  network 
In  which  the  probability  that  a  link  fron  ■  to  n  Is  available  for  service 
Is  p^.  The  problen  is  to  detenalne  a  path  fron  1  to  If  which 
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th«  gr—.t%g%  prubabillty  of  b«ij3c  ftvailAbl*  for  Mrvlo«  (i.*., 
unbloekod) . 

Wa  introduM  a  Mt  rariablM  1  m  l,  2,  H,  deflntd  by 
tha  rol&tloB 


(1) 


■  tba  probability  of  no  blodtin<  on  on  optlml  path 
froB  i  to  tha  point  If. 


Thia  laada  to  tba  z^lationa 


(2) 


Itu 


• 


1,  2, 


N-1, 


vbioh,  alBilarXy  to  tha  aquatlona  diacuaaad  aarliar;  oan  ba  raaolvad 
throufb  xwa  of  tha  auoaaaalva  approxijaatlona 


(k+1)  Max  (h)  .  ,  p  V  , 

^  1  •  J^l  ^ij  ,  1  -  1,  2,  N-1, 


(5) 


(k-Kl) 


-  1, 


for  k  •  0,  1,  2,  aloitg  vlth  tha  initial  ax^proodjuttlon 


pI®’  ■  > 


iH 


(■*)  { 


[p(0) 


N 


1. 


The  aaquanoa  la  olearly  ■onoteoa  inaraaaing. 

Nov  let  ua  tvqppoee  that  the  tljoa  to  travarae  tha  link  fraB  1  to  J 
la  a  randOB  variable  t^^  vlth  probability  denalty  function  p^j(a),  if^J ,  a 
and  that  the  tlBaa  of  tranait  of  the  varlooa  llnka  aona  Indapandent.  The 
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trtataent  of  the  problea  in  vhlch  ve  seek  a  patli  frcai  1  to  N  for  vtiloh 

the  average  tine  of  transit  le  Binlaun  te  evident.  Let  ue  therefore 

turn  to  the  problea  In  which  ve  require  a  path  connecting  the  point  1 

to  the  point  N  which  aaxlHi tea  the  probability  that  the  tine  of 

tranalt  ie  no  greater  than  a  given  tlae  t.  Again  using  the  principal 

of  optlaallty,  after  introducing  the  functions  u^(t),  i  ■  1,  2;  !•  , 

to  be  the  probability  that  the  tlae  of  transit  frcm  1  to  N  is  no 

greater  than  t,  \islng  an  optlaal  path,  ve  find 

t 

■  jjl  ^  i  -  2,  N-1, 

,Uj^(t)  -  1. 


Once  again  ve  aay  retort  to  the  method  of  suooeeslve  approKlaatlons 
to  reeolve  thle  nonlinear  eyetea; 


(6) 


t 

^  ^  P^j(t  -  •)  u^^^{e)ds,  k  -  0,  1,  2,  ... 

0 

1. 


As  inltled  approoclaatlons  ve  take 

t 


1,  2 ,  . . . ,  N-1 , 


(7) 


.  1, 


which  yields  appraxiaatlons  that  are  monotone  Increasing.  Ihe  initial 
ajjprozlaation 
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(8) 


^  ^  i  -  1.  2.  "-I. 

0 

.  1, 


3rl«ld«  Aonotont  dAoreaslng  approxiBatlon« . 
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IV.  opTim  Roimwa  probuems 


A  probl«ai  of  oonAldarablt  ljq>ort«DO«  In  th«  operutlon  of  ooflBvml- 
oatlon  aytttau  Is  that  of  the  data rml nation  of  the  routini;  doctrine  to 
be  used  In  handling  the  ■essages.  Large  systeats  frequently  eaplcy  a 
oentral  traffic  occtrol  unit  for  this  purpose.  Inforaatlon  oonoemlng 
baeklogs  of  aessaipes  are  periodically  sent  to  this  control  unit,  as  Is 
Inforaatlon  eonoemlng  the  state  of  the  coaninloatlon  systea  Itself 
(vires  aay  be  4ovn,  equlpaent  aay  be  ■alfunctlonlng,  etc.).  On  the 
basis  of  this  InforMitlOD  plxis  predictions  conoernlng  the  nev  de—nds 
for  service,  decisions  are  Hade  eoneernlng  the  vay  the  messages  are  to 
be  routed  through  the  network.  Inefficiencies  In  the  routing  of  the 
■essages  are  reflected  in  the  need  for  greater  quantities  of  equlpaent 
for  a  fixed  grade  of  servlee. 

The  papers  referred  to  In  the  introduction,  soMe  of  vhich  contain 
extensive  bibliographies,  Indloste  a  BatheMitiaal  treataent  of  these 
problcas  baeed  on  probability  theory.  Interest  centers  on  fluctuations 
in  the  traffic .  Here  v«  shall  consider  a  steady  state  foraulatlon  for 

these  probleas  vhioh  Xeade  to  s  linear  prograaadng  setting.  A  further 

1 

discxuision  can  be  found  in  20'  . 

Ehnen  for  Moderately  sited  networks  of  about  thirty  stations  the 
problems  betCBs  so  large  that  solution  Is  not  feasible  through  use  of 
the  gex^ral  slaplex  aethod  of  George  Dantiig,  |^11  j  •  Instead  we 
resort  to  use  of  a  aodlfioatlon  of  the  slJ^>lex  method  which  was 
originally  proposed  for  aultl-ccaaodlty  fleer  pi-obleas  eind  which  is 
due  to  Ford  and  Fulkerson,  |^16  j  .  First  the  general  approach  is 
aketohed  and  than  a  siiqple  optimal  routing  pi-oblea  is  worked  in 


dtta.ll  for  lUurtratlva  piirpcMt. 
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LI..  Pro'blMi  rorwulatlon  and  Mtthod  of  Solution . 

Ve  nov  reduoa  this  vartloo  of  the  problm  of  th#  routing  of 
■••aa^ea  in  a  natvork  to  Mathaaatlcal  fora.  Introduce  the  quantltlea 


(1)  >  tba  nvalber  of  aaaaagea  available  at  1  vhlch  are 

deatined  for 

(2)  a^^  -  the  mattMr  of  aeaaacea  whloh  oan  b«  aent  over  the 

direert  link  frea  1  to  J. 


All  aetien  la  aaauawd  to  take  place  during  a  given  tlae  Inter/al.  Next 
label  all  the  directed  llnka  In  the  netvork  L^,  •••;  label 

all  the  directed  routea  In  the  network  vhieh  lead  fx-cm  a  aouroe  to  a 
dsatinatlon  Ft^i  R^.  We  daaorlbe  the  composition  of  the 

routes  In  tent  of  the  llnka  through  use  af  the  m*n  Incidence  aatrlx 
(^Ij);  vhere 

(1,  if  link  1  Ilea  in  route  J 
0,  othenrlae. 


If  the  link  Treat  1  to  J  la  labelled  a,  we  aet 


(M 


m  a  , 

a 


At  each  source  8^  It  it  convenient  to  wodiry  the  original  network  by 

( r ) 

Introducing  a  net  of  fictitious  aouroee,  ,  vhlch  are  connected  to 
3^  by  flatltioua  directed  llnke,  each  flctltioue  touroe  corresponding 

to  Msaages  originated  at  1  vhlch  art  destined  for  the  station  r.  Iha 
aapacltgr  of  each  flatltleua  link  1)  la  d^^..  If  la  lero, 
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then  the  flctltloue  eouroe  and  link  are  not  introduced.  In  thle  vay 
(\11  moeeagee  aj-e  conceived  of  ea  arlelng  at  flctltloue  eourcee;  the 
meeeagee  flov  over  the  flctltloie  llnke  and  then  the  actual  linke  to 
their  deetlnatlona . 

Hence  all  conetralnta,  aa  In  relatione  (6)  and  (7)  :>elow,  appear 

ae  capacity  conetralnte,  Including  thoae  that  are  due  to  the  United 

Buppllee  of  aeeaagee  avallahle  for  delivery.  All  routee  lead  froai 

flctltloue  ecmrcee  to  their  deetlnatlone ,  and  ve  shall  aaeume  that  tne 

Incidence  aatrlx  (a  )  has  reference  to  the  nodlfled  natvork .  In 

*  J 

particular  ■  Is  the  e\a  of  the  nimbere  of  actusil  and  flctltloue  links. 
We  shall  henceforth  not  distinguish  betveen  flctltloxie  stations  and 
actual  stations.  Lastly  ve  lat  be  the  number  of  massages  vhlch  flov 
over  the  route  J,  J  -  i,  2,...,  n. 

The  problo*  Involves  the  maxi  ml  tat  Ion  of  the  number  of  delivered 
messages 

(O  i  -  I  X 

J-1  •' 

subject  to  the  constraints 


(c) 

(7) 


*J-  0,  J  -  1.  2,  ...,  n  >  m, 


Z 

J«*l 


X 

n^-s 


c  . 

s 


Here  ve  have  denoted  the  amount  of  unused  capacity  In  link  s  by  x 
8-1,2.  ...,m. 


n+s 


If  the  problem  Is  to  maximise  the  revenue  derived  froo  the  operation 

th 

and  r.  Is  the  return  Irom  sending  a  massage  o\'er  the  J—  route,  then 
J 
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the  objective  fora  becoaec 

(5')  r  -  ^  r.  X  . 

J-1 

Am  vae  remrkod  e&rller,  n  t  \e  nvaiber  of  routes  beocBee  to  large, 
even  in  mode ratelj  sited  network s ,  that  it  is  not  possible  to  determine 
an  optinal  linear  progra*  through  uac  of  the  simplex  method  in  its 
most  general  form,  even  if  uae  of  a  high-speed  digital  cooputer  is 
contsBiplftted.  The  memory  requlrooents  for  storage  of  the  matrix 
alone  become  excessive.  Hence  we  resort  to  n  modification  of  the 
simplex  method  in  which  only  n  columns  of  the  ■etrix,  the  basic 
vectors,  need  be  stored  simultaneously.  At  each  stage  of  the  simplex 
olgorlthffl  the  now  vector  to  be  brought  into  the  basis  is  determined  by 
several  applications  of  ons  of  the  algorithms  described  earlier  for 
determinizvg  a  shorL^st  path  connecting  two  points  in  a  network. 

Frcm  the  general  theory  of  linear  inequalities  we  know  that  there 
is  an  optimal  routing  of  ths  messages  in  which  no  more  than  a  of  the 
aotlvltiss  of  sending  a  message  over  a  route  or  storing  capacity  on  a 
link  are  raised  above  the  sero-levsl.  Using  this  fact  we  can  plaoe 
ths  entire  algorithm  on  quite  an  intuitive  basis.  We  start  by  storing 
all  capacity  on  all  links ,  so  that  1  >  2  .  .  .  ,  m .  We 

then  show  how  to  improve  the  routing  doctrine  at  any  stage  of  the 
process  by  raising  sosw  favorable  activity  from  rero-level  to  sosw 
pooltlve  level  which  is  high  enough  to  drive  the  level  of  some  other 
forswrly  nonnero-level  activity  dovn  to  taro- level.  To  determine 
which  new  activity  to  introduce  we  consider  the  'shadow'  prices  which 
are  induced  on  the  cajMcitles  at  a  result  of  non-zero  actlrlties  which 
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are  carried  out  at  a  particular  atage .  See  ^ I2J  for  a  general  dlacuaelon 
The  prices  that  au'e  assigned  to  the  fictitious  links  may  be  thought  of 
as  being  franchise  prices,  that  is,  unit  prices  of  the  right  to  accept 
■esaages  at  one  station  destined  for  anartl^r.  Prices  assigned  to  the 
actual  links  are  unit  prices  for  ths  SQulpsMnt. 

Let  Pj  be  ths  valus  of  sach  unit  of  capacity  in  link  J ,  For  esujh 
additional  send  ng  of  a  message  over  a  route  J,  J  -  1,  2,  n,  the 

number  of  messages  delivered  is  increased  by  uxilty.  'nie  unit  prioes 
of  the  capacities  in  the  links  along  the  routes  used  must  therefore 
BUB  to  unity, 
a 


(8) 


I 

S«I 


*  P  “  1  that  X .  >  0 ,  Jin, 

*  J  ®  J 


On  the  other  hand  thsre  is  a  zero  return  for  storing  oapaclty  so  that 


(9)  -  0,  x,,0,  J>». 

The  equations  (8)  and  (9)  d»«tennliie  tiio  n  prices  p^,  ,  ...  p^. 

Let  un  ncv  introduce  an  sctrapreueur  vho  sjcaminss  the  system 
oapaoltlee,  the  usera '  dsosands  and  the  price  structure  in  an  effort 
to  determine  vhether  or  not  it  is  possible  to  buy  capacity  from  the  oosma- 
nlcatlon  netvork  operatl.'.g  company,  accordii^  to  the  price  schedule 
and  deliver  messages  himself  st  s  profit,  s  delivered  mssssage 
being  vorth  one  unit,  l^at  la,  the  entx^preneur  vishes  to  asoertain 
vhether  or  not  there  is  a  route  J  for  vhlch 
a 

(10)  ^  P-  ^  J  -  1,  2 . n. 

s-1  " 

If  there  is  sudi  n  routs,  though,  it  vould  advantageous  for  ths 
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op«ratlDc  eoqNUOQr  to  mdA  ov«r  that  rout«  to  th«  gr««teit 

ftzt«nt  potslblt.  In  sancrtLI  Mnding  MSMgtt  ov«r  rout«  J  vlll  u«« 

oapeolty  that  vas  b«in«  UMd  for  ••ndlng  other  ;  *o  that 

»om  other  aotlvltiei  »ay  have  to  be  curtailed,  until  finally  at  leaat  one  !■ 

reduoed  to  tero- level,  and  eo  la  eliminated.  In  any  event  capacity 

conatmlnte  prevent  x  from  Increaalng  indefinitely. 

J 

Should  the  price  of  a  certain  link  be  negative,  then  this  may  be 
Interpreted  to  mean  that  the  coammlcatlon  systea  operating  concern 
would  be  vllllng  to  i>ay  the  entrepreneur  a  subsidy  to  take  this  capacity 
fzxm  it.  Rather  than  do  this,  this  capacity  should  be  sent  to  storage, 
so  that  if  Pj  Is  negative  It  is  eidvantageous  to  raise  above  the 


xero- level . 

Assvnlng  that  all  the  prices  are  positive,  hov  can  the  entrepreneur 
determine  a  ro\rte  for  which  coadltlon  (10)  Is  fulfilled?  Since  each 
unit  of  capacity  Is  aasigned  a  price,  Including  the  capacity  of  the 
fictitious  links,  he  has  merely  to  determine  a  Icwest-price  i*oute 
from  each  source  to  destination.  As  soon  as  one  Is  found  for  which 
the  price  Is  less  than  unity,  as  many  mesaages  as  possible  should  be 
sent  from  this  souz*ce  to  destination.  If  thsre  Is  no  such  route,  then 
the  routing  doctrine  being  wployad  is  optimal,  as  one  sees  frost  ths 
duality  theorem  of  linsar  programalng.  This  Idea  constitutes  the 
essence  of  the  delightfully  simple  suggestion  of  Ford  and  Fulkerson. 

To  svmMarlse,  the  steps  in  the  algorithm  are 

1.  Under  the  current  price  schedule  determine  a  favorable 
activity  to  introduce.  If  a  price  is  negative,  store  as  oruch  as 
possible  of  the  oorrespoadlng  capacity;  othexvise  determine,  via 
one  of  the  algorlthme  discussed  In  Part  III,  a  route  having  cost 
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lots  than  unity,  and  Introduo*  It  la  activity.  If  there  is  none,  the 
routing  doctrine  la  optlaal . 

2.  Incrooto  the  level  of  the  favorable  activity  until  aooe 
activity  vhloh  vaa  previously  at  n  noniero- level  la  driven  to  tero- 
level .  Thia  dotemlnee  the  nev  routing  doctrine  and  the  number  of 
■assogea  vhloh  are  thereby  delivered. 

5.  Determine  the  nev  achedule  of  unit  prices  on  the  capacltloa 
and  return  to  Step  1. 

An  illustrative  exnnpla  Is  provided  belcv  to  llluatrato  thia  tecimlque 

If  the  total  nmbor  of  llnXa ,  including  the  fictitious  ones,  la 
of  the  order  of  I50,  the  atepa  of  the  cdgorlthE  are  poaalble  for 
lap  lamentation  on  a  high-speed  ooaiputlng  aachlne .  It  la  difficult 
to  try  to  eatlaate  the  rate  it  vhloh  the  approoclmatlona  coverage  to 
on  orptlonal  solution  aince  the  number  of  chaina  might  be  numbered 
in  the  tena  of  thousandi.  Sobm  nvmwrioal  experimentation  la  undoubtedly 
called  for.  In  actual  coBsputatlona .  great  advantagoa  might  be 
realized  by  being  very  aelectlve  vlth  regard  to  vi'.lch  favorable 
actlidty  la  to  be  introduoad  at  each  atage . 

12.  Solution  of  an  Illustrative  Optional  Routing  Problaa . 

Consider  the  four-station  netvort  shovn  belov  In  Fig  1  In  viilch 
the  oapaolties  of  the  links  are  aa  ahevn.  We  assume  that  the  link 
capacities  are  uzmilreoted  rather  than  directad,  a  matter  of  no 
Importance  Insofar  as  the  method  Is  oonoemed.  Consider  thi^t 
atatlon  U  has  5  nessages  destined  for  station  2  and  station  1  has  ' 
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Fig.  1  -  A  Capacitated  Fcmr-Statlon  Natvork 


Msaagat  dartlnad  for  ftatlon  3.  T^is  !•  aceo^mt•d  for  In  Fig.  2  in 
which  the  appropriate  artificial  stationa  and  links  are  Introduosd. 
Station  B  has  Messages  dost  load  for  2  and  station  A  has  Messages 
destined  for  3.  Slnoe  thei*e  are  six  links,  there  Is  an  optional 
solution  with  no  More  than  six  activities  raised  above  the  lero-level. 


Fig.  2  -  The  Netvort  Including  the  Artificial  SlsMents 

To  start  the  algortthe  ve  put  all  capacity  in  storage,  which 
corresponds  to  backlogging  all  Messages.  Since  no  Messages  are 
delivered,  all  oapacltles  have  prices  of  »ero.  By  Inspection,  ve 
see  that  the  unit  cost  for  the  route  (A,  1,  2  3)  Is  aero;  con¬ 

sequently  three  MesMiges  are  sent  over  this  route.  This  elljslnates 
the  activity  of  storing  capacity  In  link  (l,  2).  Letting  the  unit 
price  of  capacity  In  link  (B,  i*)  be  p^,  that  in  (A,  1)  be  .  and 
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90  on,  93  ihovn  In  Pig.  3,  v®  find  that  th«  prtcai  iatlafy  tha 
equationa 


P 


1 


-  P 


0 


-  0, 


(1) 


P2  -  P^  -  PU 


-  1. 


The  situation  li  ahcern  In  Fig.  5  in  vhich  the  ajsoimti  of  capacity 
us«d  are  shovn  abo'/e  the  horltontal  lines  on  the  links  and  the 
capacities  belov.'  them.  I^ie  prices  lisplicd  by  equations  (l)  are 
also  indicated. 


0  , 


No.  Of  Msgs  .  Route 

5  (A,  1.  ?,  5) 

3  MSigs .  delivered 


P.-l 

Fig.  3  -  The  First  Stage 


•nie  unit  pirlce  of  the  route  (A,  1,  3)  Is  sero.  One  aessage 

is  sent  over  this  roxite ,  vhich  eliminates  the  activity  of  storing 
capacity  along  the  fictitious  link  (A,  1)  (i.e.,  the  activity  of  back- 
logging  nessages  at  A  is  eliminated).  With  this  routing  schedule 
the  equations  for  tha  nov  prices  becoBos 

Pj  -  Pj  -  P:,  -  Ft  -  0. 

(2)  Pg  ■*  P.^  ♦  P4  ■  1. 

*■2  *  5’6  *  *'5  * 
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imlt  prlo«  of  tht»  rout#  (B,  4,  5,  2)  it  tero.  Tvo  Mtta^et 
ar«  Mixt  o^r  thlt  rout#  which  tAtumUt  link  (3,  2).  The  new  prices 
AT#  dri#iiBija#d  froa  ths  •quation# 


-  Pj  -  P6  «  0, 

P2  P5 

^2  *  ^6  *^3  " 

Pi  +  P5  >  Pj,  -  1, 


Tig,  5. 


No.  of  Msgs . 

Route 

3 

(A,  1,  2.  3) 

1 

(A,  1.  4,  3) 

2 

(B,  1*,  J,  2) 

6  Mgs.  delivsi'ed 


Pig.  5  -  "na#  Third  Stage 
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Slnc«  th«  unit  prlc«  it  negativ#,  th«  activity  of  itorlng 
capacity  cm  the  link  (l,  2)  Is  reintroduced  in  the  aaount  r.  To  find 
vblch  activity  !■  eliminated  ve  note  that  3-z  aeesaget  are  then  cent 
over  the  route  (A,  1,  2,  3),  vhich  oauaea  2  i  to  be  eent  over 
(B,  4,  3,  2);  to  avoid  Introducing  the  storage  of  capacity  on  the 
link  (2;  3).  The  nimber  of  messages  sent  over  (A,  1,  U,  3,)  must 
be  increased  to  1  +  z  to  avoid  introducing  the  backlogging  of 
messages  at  station  A.  Then  an  examination  of  the  flovs  over  each 
link  shovi  that  z  cnn  be  increased  to  1/2,  at  vhich  point  tha  link 
(h,  3)  is  saturated,  so  that  storage  of  capacity  on  this  link  is 
eliminated.  The  nev  routing  azkd  prl6e  schedule  are  shovn  in  Fig.  6. 


0'- 


*(> 

> 

J  No.  of  Mags . 

- 

Route 

2  1/2  j 

(A,  1,  2.  3) 

It 

T" 

^6-^  i  ’ 

1 

1  1  1/2 

p 

1  * 

-N  A 

2  1,  2 

)  \  _ 

^  (B.  U.  3,  2) 

f  1 

J  2.  <: 

J  6  1/2  msgs. 

delivered 

Fig.  6  -  The  Fourth  Stage 


The  prices  are  determined  from  the  equations 
-  P.  -  P5  -  0, 

(M  1 

P2  ^  P3  • 

Pi  ^  P3  *  Pi,  -  1. 

The  route  (B,  I*,  1.  2)  nov  has  zero  unit  price,  so  that  12 
message  is  sent  along  this  route,  vhich  eliminates  storage  of  capacity 
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5 

3 


Thla  l*«dj  to  tha  situation  of  Fig.  7- 


No.  of  Mega. 

ftoute 

2  1/2 

(A,  1,  2,  5) 

p^.o 

2  11/2  ' 

f?  _  i 

(A,  1,  k.  5) 

n 

2  1/2 

(B,  4,  3,  2) 

S  1/2 

(B,  4,  1,  2) 

7  .  dtlivered 


Fig.  7  -  Ths  Last  Stags 


The  prices  are  deterBlned  frcsi  tha  equations 
Pi  -  P<  -  0/ 


P.  +  Pc  +  Pl  -  1 


(5) 


''2  *  *’5  *  '’3  - 


Pi  *  Pj  -  •  1, 


p,  +  Pr  ♦  p,  -  1- 


nie  •oXutiOQ  It  optlJMl .  for.  at  it  toon  froa  tht  figure,  no 
prices  are  negative  and  no  paths  frosi  origin  to  destination  exist 
vhioh  have  unit  costs  of  less  than  one . 

By  the  vaj  of  eosssent  it  should  be  pointed  out  that  in  solution 
of  large  seals  problcBs  Bueh  sore  effioient  aethods  of  .:casputing  the 
prices  and  deterBlxdng  the  nev  activity  levels ;  as  ve  proceed  fron 
stage  to  stage,  are  available.  The  aethod  adopted  here  is  for 
Illustrative  purposes  only. 

The  unit  prloes  sbovn  in  Fig.  7  sheer  vhere  the  real  bottleneoks 
in  the  systen  are.  Thus  for  t  suffleiexrtly  sbslH,  if  the  oapaolty  of 
link  (1,  2)  is  inorgased  by  the  aaount  i,  then  i  additional  aessages 
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can  be  Bent  over  the  route  (B,  1,  2).  'Rie  saae  holde  true  for  the 

link  (4,  3)^  though  thle  ie  not  eo  obvloue.  This  reete  on  the  obeer.'etlon 
that  the  solution  is  not  unique.  If  Bessages  ere  recalled  along  each 
route  froa  B  to  2,  as  Is  clearly  possible;  since  the  flov  on  each  link 
1b  both  Increased  and  decreased  by  x,  then  for  2  x  -  s  sufficiently 
small;  the  messages  vhlch  are  then  backlogged  at  A  eoxild  be  sent  via 
the  route  (A;  1;  3)  to  their  destination. 
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V.  DI8CU33I0N 

Th«  prx)l>l«M  MDtloiMd  •arli«r  shovild  b«  vl«v«d  Mraly  aj 
0usg«ttiv«  of  a  host  of  othsr  ssasnilally  ooBblnatorlal  problems 
vhloh  arise  Ia  the  gexMral  field  of  ormnl cation.  Ve  shell  nosr 
single  out  a  fsv  for  further  dlssusslon;  still  others  can  be  found 
by  sbeokin^  the  list  of  referecees  provided,  not  all  of  vtiloh  are 
referred  to  In  the  text . 

A  routing  problMi  vhloh  has  been  studied  extensively  Is  the 
one  vhloh  requires  the  determination  of  the  eaxlaxa  steady  state 
floor  of  a  hsmogeneotta  ooHiodity  through  a  oapaoltated  notvork 
from  a  sourte  to  a  sink.  Boldyreff 's  flooding  technique  Is 
described  In,  [6]  ,  and  the  minima  out  maxima  fleer  theoram  is 
proved  In,  |^15j  .  vbere  additional  reftrenoes  osui  be  found. 

It  Is  apparent  that  many  ooablnatorial  problems  arise  In  the 
design  and  utilisation  of  svltohlng  netvorks,  ^  22,  ^9  j  •  In  the 
absence  of  suitable  analytle  techniques  for  handling  such  problems, 
oxvs  frequently  resorts  to  the  use  of  simulation  ds vices  knovn 
as  'throvdflvn'  machlzas,  [it]  .  With  reference  to  blocking  In 

netvorks,  9,  25  1  ,  It  voxild  be  of  interest  to  find  geiMral  and 

L  J 

efficient  techniques  for  caloulatlng  the  probability  of  finding 
at  least  one  path  available  froe  a  given  point  1  to  another  point  N 
in  a  netvork,  under  various  aasvmptlona  eonoemlng  the  probabilities 
of  finding  the  Inolvldual  links  svallabls .  The  I'unetlonal  equation 
technique  of  Part  III  doee  not  appear  to  be  Ijmwdlately  applloable, 

na  in  the  determination  of  a  path  vith  highest  probeblllty  of  being 
available. 
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Inter«iting  treatncnt*  of  the  effecrt*  of  ccmgeitlon  In  the  netvorke , 
froB  ftlll  a  different  vdevpolnt ,  oatn  be  found  in  Wft,rdrop .  L  Prater, 

28  J  ,  8Lnd  Cham©*  and  Cooper ,  8  j  . 

•nie  iolutlon  of  the  optlaal  routing  proble®  dl*cu**ed  In  Part  TV 
con  be  directly  applied  to  the  deterMlnatio'i  of  optical  Interoffice 

r  -> 

trunking  arrengeewnt*  a*  1*  Indicated  In  21  j  ,  Other  aethod*  of 
solution,  based  on  the  priaal-dual  algoritha,  are  discussed  in 
W,  Jevell's  M.I.T.  doctoral  dissertation  (19^'.'^). 

Lastly  aentlon  nay  be  Bad©  of  the  problea  of  detenalnlng  ainlmJ 
cost  QugBsntations  to  be  Bade  to  a  given  systesi  to  provide  a  satis¬ 
factory  grad*  of  seirvlce  in  viev  of  anticipated  increase*  In  future 
d©»ands  for  servloe.  1)1***  are  |;lvaD  a  linear  progx'aiaalng  foratilation 
In  '20  ,  Much  vork  x-cBaln*  to  be  done,  bowerer,  la  order  to  fl^S 
efricient  aetbods  of  aolution. 


P-1325 

6-3-59 

Zk 


RKPEPKMCES 


1.  R.  Dynaalc  ProfrtBMinf^  Prln.  Unlv.  Pr««i,  Prinwton .  19®7. 

2.  R.  Bellattn,  'On  n  Routing  Problen,'  Quart.  Of  Appl.  Math.,  V.  l6 

(1958),  PP.  67-90. 

3.  R.  Bellaan,  'Ifeiai  on  Xhn  Thaory  of  Dynil •  Pi'ogrflng  --  Trans¬ 

portation  Kodals/  Ms  nag.  3cl .  .  V.  U  (1958),  pp.  191-19*^- 

4.  R.  Bellarvn,  'Coablnatorial  Proeassas  and  Dynaalo  Programing  ' 

thaaa  Prooaadlnga . 

R.  BaULmn  and  R.  Kalaba,  'On  Bast  Policits,'  to  appaar. 

6.  A.  Boldyraff,  ' Data nal nation  of  the  Mnxlml  Steady  State  Flou  of 

Traffic  Through  a  Railroad  Natvork .  '  C^r .  Rat .  ,  V,  3  (19*’’^), 
pp.  443-46^, 

7.  E.  Brockmyar,  H.  Halatr^,  and  A.  Janaen,  The  Life  and  Worka  of 

A.  K.  Erlang,  Copenhagen,  19^. 

8.  A.  Chamet  and  W.  Cooper,  'Srtraml  Prlnclplae  for  Slaulatlng 

Traffic  Flov  In  a  Natvork,'  Proo.  Nat.  Acad.  Scl .  USA,  v.  44 
(19^8),  pp.  201-204. 

9.  C.  Cloi,  'A  Study  of  Non- Blocking  Svltchlng  Natvorke,'  Dell  Syat . 

Tech.  J.,  V.  32  (19^3),  pp.  4(x:.-424. 

10.  0.  B.  Dazrtalg,  'Dlaorata-Varlable  SrtrasxxB  Problem,  '  Opar.  Rae .  , 

V.  5  (1957),  pp.  266-2T7.  ” 

U.  0.  B.  Danttlg,  A.  Ordan  and  P.  Wolfe,  'The  Oanarallaad  Slap! ax 
Method  for  Mlnlmlalng  a  Linear  Fora  under  Linear  Inequality 
Reetralntf,'  Paaiflo  J.  of  >teth. ,  V.  5  (1955).  PP.  183-195- 

12.  R.  Dorfmn,  P.  Saaualaon  and  R.  Solov,  Linear  Programing  aj^ 

leoDOMlo  Analyle,  MoOrav-HlU  Book  Coapauy,  Inc.,  Nav  Yor)i,  19*/^ 

13.  P.  Ellaa,  A.  Talnataln  and  C.  Shannon,  'A  Note  on  the  Naxlava  Flov 

nxrough  a  Network,'  IRS  Tranaaotlona  on  Inforaatlon  'Iheory, 

V.  IT-2  (1956).  pp.  ITT-11'9. 

14 .  L.  R.  Ford,  Jr.,  'Network  Flow  Ihaory,'  'Ria  RAND  Corporation 

Paper  P-923,  19*^. 

15.  L.  Ford,  Jr.  and  D.  rulkamon,  'A  31*pla  Algorlthn  for  Finding 

Max  1ml  Natvork  FI  ova  and  an  Application  to  the  Hitchcock 
Problm,’  Canadian  J.  of  Math.,  V.  9  (39^7)  pp.  210-218. 


P-1325 

6-3-59 

55 


li  .  L.  Porxl,  Jr.  and  D.  FuDcerion,  'A  3u^e»tad  Computation  for 

Maximal  Multl-Ccamiodlty  Natvork  Flow*,'  Trie  RAiil)  Corporation 
Paper  P-1114,  1958. 

1  .  0.  Froit  W.  Kelrter  and  A.  Ritchie,  'A  Throvdown  Machine  for 

Telephone  Traffic  Studlot,'  Bell  3yet .  Tech.  J.,  V.  72  (19^3) 

pp.  292-359. 

LP' .  T.  C.  Fry,  Probability  and  Ite  Fn^ineerin^  Uees ,  D.  Van  fJoatrand 
Cciapeny  .  Tnc  .  ,  Nov  York  ,  . 

19.  F.  Holm,  '  Soo»e  Mathematical  Aapecte  of  Switching  '  Amer.  Matli. 

Monthly,  V.  L2  (1955),  PP •  75-9^. 

20.  R.  Kalaba  and  M.  Ju&eoea,  'Optimal  Decign  and  Otiliiatlon  of 

Coamimi  cation  Netvorka,'  Manag .  Sci .  ,  V.  3  (1956)  pp  33-44. 

21.  R.  Kalaba  and  M.  Juncota,  'Optimal  'Jtilitatlon  and  Plxtenalon  of 

Interoffioe  Trunking  Facllitiee,  '  Coan .  and  Sleet . ,  Jan.  1959,  PP  99^-1003- 

22.  W.  Keir^er,  A.  Ritchie  and  S.  Waahbum,  rhe  De^i^5n  of  3vi tehlng 

Netvorke ,  D.  Van  Woftrand  Ccaepany,  Tnc.,  Neir  Vork ,  I?'*'!  . 

•  • 

23.  D.  Konlg,  'Hieorle  dor  gndliohen  und  Unendllclien  Gmphen ,  r'eprlnted 

by  Cbelaea  Kibllehimg  Company,  New  Vork,  !l9^0. 

24.  J,  B.  Kruakal ,  Jr.,  'On  the  Ihorteot  3pannlng  Subtree  of  a  Gi*aph 

and  the  Traveling  Salesman  Problem,'  Proc.  Amer,  Math.  3oc  , 

V.  7  (19*^6),  pp.  UP-'iO. 

2b.  C.  Y.  Leo,  'Analysii  of  Switching  Networks,'  Bel]  Oyst .  Tech.  J., 

V.  34  (19*>5),  pp,  12^7-131b. 

26.  W.  Miehle ,  'Link-length  Mlnimlaation  in  Networks,’  Oper.  Res., 

V.  6  (19^^),  pp.  232-243. 

27.  E.  C.  Molina,  'Application  of  the  T^ieory  of  Probability  to 

Telephone  Trunking  Problems,'  Bell  Syrt.  Tech.  J.,  V.  6 

(1927),  pp.  461-494, 

28.  'w.  Pmgor,  'Problatas  of  Traffic  and  Transportation,'  Proc .  , 

gyi^aium  on  Operations  Research  in  Business  and  Industry , 
iConsae  CTty,  4 ,  pp.  lOS-ll?. 

29.  R.  C.  Prim.  'Shortest  Connection  Networks  and  Sosm  General.laatloni  ' 

Bell  3yst .  Tech.  J.  ,  V.  3('  (19^7),  pp.  1389-1401. 


30.  C.  E.  {^uoinon,  'A  Mathematical  Theory  of  CorBranlcatlor.  '  Bell  Syst 

Tech.  J.  V.  27  (194^),  PP.  379-4  23  and  pp.  623-('^6. 

31.  C.  Truitt.  "Traffic  Engineering  Techniques  for  Determining  Trunk 

Requirements  in  Alternate  Routing  Trunk  Networks,'  B.;!!  Syst. 
Tech.  J.,  V.  33  (l9">4).  pp .  7('^-302. 


P-1325 

6-3-59 

36 


32.  J.  0.  Vajn4r«P|  'toM  Tbtorv^oaJ  AApecta  of  IlMd  Timfflo  Research.' 

Prop.  last.  ClT.  Bacla— Ti  (Lon4on)  ,  V.  1  (1952) ,  pp.  32^-378. 

33.  R.  I.  Wllfclnsam,  ’TSisorleii  for  Toll  Traffic  Kngliieerlng  in  the 

U. S.A.,'  Ball  3j9t.  Tech.  J. ,  V.  35  (1956),  pp. 

Additional  reference  added  in  proof: 

3^.  G.  J.  Klnty,  "A  Coesaent  on  the  Shortest  Route  Problesa",  Oper .  Res.  , 

V.  5  (1957),  p.  12i*. 


